SMO 2011 Junior Q16:

16. Let |z| be the greatest integer smaller than or equal to x. How many solutions are there to

3

the equation z* — |2%| = (z — |z])? on the interval [1,20]?

LJ’s solution:

oneplusone WP I Posted: Jun 05, 2011, 11:45 pm » # 3
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Let|x| =a,and b=z — a.Then 0 < b < 1. Now we sub it into the equation, we get a® + 3aZb + 3ab® = |_.r3 | Note that
this is true if and only if 3a>b + 3ab” is an integer. Note that 0 < 3a2b + 3ab® < 3a’ + 3a, so for any given a, there are
exactly 3&2 + 3a values of b that satisfies the eguation, since we can set b such that 3&25 + 3&&2 takes any integer value from
0to 3a’ + 3a — 1. So the total number of solutions in  is

19
Posts: 1109 > " (3n% +3n) +1 = 7981
Location: Doofensmirtz
Evil Incorporated,
Singapore
=]

n=1

Signatures are for noobs

Refer to below related solution from a Chinese Mathematical Olympiad Book:
(P91, BEAKDL w2y vy — 23 M+ AR B+ SR AT+ W1 L B0 HH RckE 2002,1SBN:7-5351-3143-3)

In this question, data range is [1,n), In SMO Junior Q16, the data range is [1,20], so correct answer is
n3—n+1=20%3—-20+ 1= 7981. LI's answer is correct.
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SMO 2011 Junior Q19:
19. Let a,b, ¢, d be real numbers such that
a?+b?+2a-4b4+4=0,
A +d?—de+dd+4=0.

Let m and M be the minimum and the maximum values of (a — ¢)? + (b — d)?, respectively.

What is m = M7



Rewrite two equations as below:

{(a+1)2+(b—2)2=12
(c—2)2+(d+2)*>=2*

Obviously, (a, b) is a point A on the first circle with center (-1, 2) and radius 1, (c, d) is a point B on the second

circle with center (2, -2) and radius 2. Recall d = /(x; — x,)2 + (y1 — ¥2)?,

Hence, m is the square of the minimum distance between A and B, M is the square of the maximum distance
between A and B. the distance between two centers of these circles is 5.

Thus,m= (5-2-1)7=4M= (5+2+1)° =64

mXM =4X64 =256

SMO 2011 Junior Q26:

26. How many ways are three to put 7 identical apples into 4 identical packages so that each

package has at least one apple?

Since 7 apples are identical, there are only 3 ways to put them into 4 identical packages. Answer is 3.

In the SMO 2011 solution book, the answer 350 is for 7 distinct apples.

SMO 2011 Junior Q28:

28. Find the length of the spirangle in the following diagram, where the gap between adjacent

parallel lines is 1 unit.

il

100

Starting point is wrong, left hand side is unable to reach 100. (it should be odd number), question is
wrong.



